The efficiency of the original Toroidal continuously variable transmission (CVT) is limited due to the spin losses caused by the different speed distribution in the contact area. To overcome this drawback, this paper replaces the original working surface with a new surface derived from a differential equation and proposes a novel Logarithmic CVT. Equations and ranges of the transmission ratio range, half-cone-angle, and conformity ratio, which are essential geometrical parameters of the Logarithmic CVT, are derived. A set of geometrical parameters is further recommended. With such geometrical parameters, the transmission ratio range of the Logarithmic CVT is as wide as that of the Half-Toroidal CVT. The two types of CVTs are compared with each other in terms of efficiency based on a widely accepted computational model. The results show that efficiency of the Logarithmic CVT is higher than that of Half-Toroidal CVT except for some particular situations because of the thrust bearing losses.
Introduction
Researchers have proposed various solutions for Internal Combustion (IC) engine vehicles to satisfy the increasing strict emissions standards [1] . One of these solutions is the continuously variable transmission (CVT), which is considered as an ideal drive mode because it could provide an infinite number of transmission ratios between two finite limits to maintain the IC engine operation point closer to its optimal efficiency line [2] . There are many types of CVTs which can be broadly grouped into categories such as Friction CVTs, Traction CVTs, Hydrostatic CVTs, Hydrokinetic CVTs, and Electric CVTs [3] . For IC engine vehicles, the Friction CVTs and Traction CVTs are more promising. The advantages of the Friction CVTs are simple structure, small size, and light weight. However, their torque capacities are limited, partially because they could not be easily coupled together in a series scheme [4] . To overcome this drawback, Toroidal CVTs, which belong to the Traction CVTs, have been proposed [5] . As shown in Figure 1 , their main components are the input disc and roller and output disc. The power transmission of the Toroidal CVTs is achieved by shearing an extremely thin oil film generated between the roller and the disc, which can be described by the theory of Elastohydrodynamic Lubrication (EHL) [6] . Toroidal CVTs are classified into Full-Toroidal CVTs and Half-Toroidal CVTs. Full-Toroidal CVTs, which were first proposed in 1877 [7] , can transmit higher torque than that of the Friction CVTs [8] . However, their efficiency losses are up to 9% to 11% [9] because of spin losses induced by the different speed distributions in the contact area [10] . To overcome this drawback, Kraus modified the geometry and proposed the Half-Toroidal CVTs [11] , which have been demonstrated to reduce the spin losses greatly and control their total efficiency losses below 5% to 7% [12] .
So far, researchers have exerted much efforts in parameter optimizations and structural innovations to reduce the spin losses of the Toroidal CVTs. Delkhosh [13] [14] [15] [16] [17] and Bell [18] [19] [20] proposed a series of geometrical and tribological optimizations and gain lots of achievements; for example, it is shown that the lowest value of the spin losses occurs in low value of EHL oil temperatures and input disc rotational velocities. Akbarzadeh and Zohoor [21] proposed a sensitivity analysis to determine the share of each parameter on the mechanical efficiency. Meanwhile, a new type of double roller Full-Toroidal variator, proposed by De Novellis et al. [22] , is proved to have a higher efficiency than that of the original Toroidal CVTs because it can decrease the magnitude of the spin losses. Although these studies have improved the efficiency to some extent, further improvement is difficult because the working surface of their input disc and output disc is a spherical surface which causes the spin losses that could not be totally eliminated in the full-transmission ratio range [23, 24] . Recently, a Logarithmic CVT, which is able to eliminate the spin losses in the full-transmission ratio range, has been proposed by us [24] . The novel CVT replaces the original working surface with the new surface derived from a differential equation and has been proved to have a better performance than the Half-Toroidal CVT. However, the relationships of the geometrical parameters have not yet been discussed completely because some of the parameters were assumed to be constants and similar to that of the HalfToroidal CVTs; for example, the half-cone-angle was assumed to be /3 which is a familiar value in Half-Toroidal CVTs. With such geometrical parameters, the transmission ratio range of the Logarithmic CVT was considered to be narrower than that of the Half-Toroidal CVT. And the ranges of the geometrical parameters were also underestimated.
In this paper, the differential equation method is presented in detail. Equations for transmission ratio range, half-cone-angle, and conformity ratio, which are essential geometrical parameters of the proposed CVT, are derived and their relationship is also expressed in an equation. After analysis of the relationship equation, we also recommend the ranges of the parameters. A design case for the Logarithmic CVT is carried out which enables us to determine a set of the geometrical parameters. The performances of the two types of CVTs are compared with each other in terms of efficiency based on a widely accepted EHL model [25] . Interestingly, it shows that the particular shape of the disc working surface extremely reduces the spin losses in a full-transmission ratio. And the new CVT can offer a better performance than the Half-Toroidal CVT.
Redesign of the Working Surface

The Spin Losses.
Efficiency losses of the Toroidal CVTs consist of bearing losses, spin losses, churning losses, and slip losses [9] . Churning losses are often neglected by researchers because of their small magnitude compared with other losses [16, 25] . As reported by Yamamoto et al. [12] and Dowson et al. [26] , spin losses account for 50%-60% of the total losses, greater than the slip losses and bearing losses. Spin losses broadly exist in the traction transmissions; they can only be eliminated in two traction conditions [27] ; that is, the parallel condition and the intersect condition. In the former condition, the rotation axes of the driving and driven elements are parallel with the contact area, which is not available for the CVTs. In the latter condition, the area and the two axes intersect at one point, which can only occur at several operation conditions of the original CVTs. The latter condition is referred to as zero-spin condition by researchers [22] .
As shown in Figure 1 (b), the roller rotation axis intersects with the contact areas at point . According to the zerospin condition stated above, point should be located on the discs rotation axis to eliminate the spin losses. However, the working surface of the input or output disc is the spherical surface, which induces the generatrix to be a circular arc. As a result, the motion trail of the point is a circle arc which at most intersects with the discs rotation axis at two points. In other words, the spin losses can be eliminated in two special operation conditions of the Half-Toroidal CVTs, whereas, in the case of the Full-Toroidal CVT, the spin losses never vanish because the roller rotation axis is in parallel with the contact area (see Figure 1 (a)).
A New Working Surface Derived from Differential Equation.
To totally eliminate spin losses of the Toroidal CVTs, it is necessary to redesign the working surface of the disc. Suppose the new disc to be designed is located in a plane coordinate system as shown in Figure 2 , in which the -axis is coinciding with the rotation axis of the disc. The function of the disc generatrix is assumed to be = ( ).
( 0 , 0 ) is an arbitrary point on the generatrix. Line and line are the common tangent line and the common normal line of the two contact curves, respectively. In other words, line is coinciding with the projection of the contact area onto plane . is the imaginary center point of the roller. Line is the rotation axis of the roller which intersects the line at . As the roller's generatrix is a circular arc, keeps at a fixed position relative to the roller. Line , which intersects the -axis at , has a fixed length equal to 0 × tan .
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According to the zero-spin condition, must be located on the -axis. But it is complicated to establish an equation group to describe such situation. Instead, the length of is assumed to be equal to | |. Thus, would be the intersection point of the line , the line , and theaxis. And, for simplicity, the third and the fourth quadrants are ignored; thus the value of must be greater than zero in Figure 2 .
The tangent equation of the curve = ( ) is
The coordinate of point is
Thus
Assume | | = | |, and thus
Any point on the curve = ( ) should satisfy (5). After simplification, the following differential equation is derived:
Substituting with sin in which ∈ (0, /2]
The solution of (6) is
where is constant and = 0 × tan . As shown in Figure 2 , let | | = ℎ:
As shown in Figure 2 , line is vertical to the disc rotation axis. is the angle between line and line ; ∈ (0, /2]. It is obvious that ∈ (0, ]. Without loss of generality, is assumed to be cos . Substituting it into (10), it follows that
as = 0 tan :
in which and are the half-cone-angle and the roller's titling angle, respectively, as shown in Figure 2 . Thus, ∈ [2 − /2, /2 − ], and it follows that = ( /2 − ) ± . Thus, = sin( ± ). Substituting it into (10), it follows that Parametric Equation (14) describes the curve on the right and Parametric Equation (15) describes the other. 1 and 2 are both constants for determining the positions along the -axis of the two curves. As shown in Figure 3 , such Logarithmic curves are used as the input and the output disc's generatrix, respectively, to form a novel CVT. It can be proved with mathematics that the new type of CVT could offer the no-spin traction drive in a full-transmission ratio range. Figure 3 , is the contact point between the roller and output disc and is the contact point between the roller and the input disc. Lines and are vertical to the rotation axis of discs. and are their foot points. | | = | | = and | | = | | = 0 . is the circle center of disc generatrix.
Determination of the Geometrical Parameters
Geometrical Parameters. As shown in
The transmission ratio of the Logarithmic CVT is as follows:
where the range of is temporarily assumed to be [2 − /2, /2 − ], which depends on the assumption that the roller could contact with discs correctly in the whole range of . In other words, the relative radius of the roller needs to be shorter than the relative radii of the output and input discs at any point on the Logarithmic curve:
where 22 and are the curvature radii of the roller and the logarithmic curve, respectively. It is notable that is variable along the Logarithmic curve while 22 is a constant.
According to (14) , it follows that
In the ranges of and , sin( + ) > 0 and cos( + ) > 0. Thus
Substituting it into the inequality (17), it is obvious that the value of cannot always be greater than 22 . Thus, the range of should be narrowed. Assume that 22 = 0 , in which is conformity ratio of 22 and 0 , and the range of is as follows:
Substituting it into (16), the transmission ratio range , which is the ratio of the maximum to the minimum transmission ratio, is obtained as follows:
where
Substituting it into (21), it follows that (23), we can obtain the relationship equation of the geometrical parameters:
Mathematical Problems in Engineering   5 where , , and are the three parameters of the Logarithmic CVT: transmission ratio range, half-cone-angle, and conformity ratio, respectively. As (24) shows that the range of transmission ratio depends on the values of and , which is a particular characteristic of the Logarithmic CVT relative to the Toroidal CVT. The half-cone-angle should be in the range of [40
∘ is the requirement of (9), and if < 40 ∘ , the thrust bearing, which is on the top of the roller, will suffer an extremely large force and have a short service life. Moreover, the conformity ratio is assumed to be in the range of [0.3, 1). Because should be less than 1 then keep the correct point contact between the disc and roller, and if < 0.3, the contact condition will become severe. In the ranges of and , the relationship of the three parameters is drawn in the graph (see Figure 4) .
From Figure 4 , we can see that the higher values of and cause the narrower transmission ratio range. For the Logarithmic CVT, ≥ 0.8 is unacceptable because of the extremely narrow transmission ratio range. Thus the range of is recommended to be [0.3, 0.8). By particular design, it can be inferred that the transmission ratio range of the Logarithmic CVT is as wide as that of the Toroidal CVT which is about 4.0 to 6.0 as mentioned in [4, [28] [29] [30] . This conclusion is different from that of [24] because the latter one is under the assumption of = /3.
Design Case.
In this section, we will present a method of determining the values of the three parameters which can maintain the performance of the Logarithmic CVT similar to that of the Half-Toroidal CVT.
Firstly, determine the transmission ratio range. Due to the limitations in size and users' requirements, the transmission ratio range of the CVT is nearly 4.0-6.0 as mentioned in Section 3.1. In this paper, it is determined to be 4.0 which is a familiar value in the Half-Toroidal CVT. Thus = 4.
Secondly, determine the values of and . Referring to Figure 4 , it can be inferred that when = 4, = 0.5, 0.4, and 0.3 are available. However, because the low value of may cause a severe contact condition, = 0.5 is adopted. According to (24) , we can obtain the expression for :
Substituting = 4 and = 0.5 into (27), = /4. Finally is the collision checking. The discs of the Logarithmic CVT need axial motion [24] ; thus the collision checking is necessary. As shown in Figure 5 , is an arbitrary point on the generatrix. is the imaginary center point of the roller. is the endpoint of the generatrix:
Substituting (14) into it, it follows that 
It is obvious that when = 0, 1 is maximized. As shown in Figure 5 , should be located on the left of . In short, when = 0, if
the collision would not happen. Substituting the values of and into (29), (31), and (33), we conclude that the collision cannot happen in this design case because 2 − 1 ≈ 13.29 > 0. With such adopted geometrical parameters ( = 4, = 0.5, and = /4) and new working surfaces, a solid geometry model of the novel Logarithmic CVT is created as shown in Figure 6 .
Results and Discussions
Computational Method.
For the original Toroidal CVT, the calculation of the efficiency is based on the EHL theory. Because of the high pressure in the contact area, accurate calculation of the efficiency is difficult [31] . For simplicity, a series of computational methods [4, 9, 25, 32] have been proposed. However, most of these methods adopted excessive simplifications which narrows the scope of their applications. Nevertheless, the method proposed by Carbone et al. [25] has been widely accepted [17, 21, 33 ] because of its reasonable simplifications and acceptable precision in comparison with experimental results [9, 34] . Therefore, this method is adopted to calculate the efficiency of the Logarithmic CVT which is similar to the Toroidal CVT. Firstly the calculations of the spin ratio need to be adjusted [24] :
where in and out are the sliding coefficients of the input and output tractions, respectively. 21 and 23 are the spin ratios of the input and output tractions, respectively. From (34), it is obvious that the spin ratios of the Logarithmic CVT cannot equal zero precisely because of the sliding coefficients. However, comparing with the spin ratios of the Half-Toroidal CVT [25] shown in (35), it can be seen that the spin ratio of the Logarithmic CVT is far less than that of the Toroidal CVT, which directly promotes the efficiency:
(35) Figure 7 shows the free body diagram of the discs and roller [25] .
is the normal force at the point of contact, is the resulting load on the thrust bearing, in and out are the traction forces at the input and output points of contact, respectively, is the torque resistance of the axial bearing, in and out are the input and output torques, respectively, in and out are the spin moment at the input and output points of contact, respectively, is the number of rollers per each cavity, and is the number of cavities; at last, the coordinates for the input and output contact are also defined in the diagram.
According to the force balance of the roller, the following kinetic equation of equilibrium is obtained:
The symbol ⨂ is used for vector pointing far away from the reader
The symbol ⨀ is used for vector pointing toward the reader 
where in and out are the traction coefficients of input and output tractions, respectively, in and out are the spin momentum coefficients of input and output tractions, respectively. They are calculated by the numerical integration in the region of the contact area:
wherẽ2 1 and̃2 1 are the dimensionless forms of the shear stresses in and directions at the input contact point, respectively, which can be calculated by the model proposed by Wen and Huang [31] . Similarly,̃2 3 and̃2 3 are the dimensionless forms of the shear stresses in and directions at the output contact point, respectively. R is a calculating parameter determined by the geometrical structure of the CVT.̃1 and̃3 are the dimensionless forms of the parameters | | and | |, respectively. All of them have detailed descriptions in [25] .
The input and output torque coefficients in and out at the input and output points are
Finally, the efficiency equation of the CVTs can be obtained as
Comparison of the Calculated Results.
Because the HalfToroidal CVT has been proved to be more efficient than the Full-Toroidal CVT, it is only necessary to compare the efficiency of the Logarithmic CVT with that of the HalfToroidal CVT in this section. The adopted geometrical and operating parameters of the two types of CVTs are shown in Table 1 . To be objective, the oil type and temperature are [25] . The preferred methods are based on the fluid flash temperature which is 99 ∘ C. The fluid properties of the traction oil (Santotrac 50) are shown in Table 2 . Figures 8, 9 , and 10 show the efficiency of the CVTs as a function of the input traction coefficient in with different transmission ratios . Because the CVTs are symmetrical in geometry, the traction condition with + is similar to that with − ; for example, if = 2 is adopted = 0.5 is neglected. Therefore, three values of are adopted: 0.7, 1, and 2.
As shown in Figure 8 , it is obvious that the efficiency of the Logarithmic CVT is higher than that of the Half-Toroidal CVT in the whole transmission ratio range because the spin moment is eliminated theoretically. It is worth noticing that the efficiency of the Logarithmic CVT increases faster than that of the Half-Toroidal CVT, because the efficiency losses are dominated by spin losses when the input torque is low. As in increases, the gap between the two curves becomes narrower, because the spin losses are more negligible in such traction condition and the half-cone-angle of the Logarithmic CVT is smaller than that of the Half-Toroidal CVT which induces larger losses of the thrust bearing. The curves in Figure 9 are similar to that in Figure 8 . Whereas, the gap between the two curves becomes narrower, because the spin losses of the Half-Toroidal CVT are smaller. According to (35), when = 2, the spin losses of the Half-Toroidal CVT are nearly eliminated. As a result, the efficiencies of the two CVTs are nearly the same in Figure 10 . Interestingly, when Half-Toroidal CVT Logarithmic CVT t in Figure 9 : The efficiency of the CVTs as a function of the input traction coefficient in with = 1.
in > 0.06 the efficiency of Logarithmic CVT is appropriately 1% lower than that of Toroidal CVT, because of the losses of the thrust bearing as stated above. In all cases we observed, as expected, that the efficiency of the Logarithmic CVT is higher than that of the Half-Toroidal CVT except for some particular situations. Specifically, when in > 0.07, which means that the input torque is approximately higher than 336 Nm, the efficiency of the Logarithmic CVT is appropriately 1-3% higher than that of the Half-Toroidal CVT, compared with 10-20% when in < 0.05.
Conclusion
In this paper, we proposed a mathematical method for eliminating the spin losses in Toroidal traction drives. The following conclusions can be drawn:
(i) By replacing the original generatrix of the Toroidal CVT with a Logarithmic curve derived from a differential equation, the spin losses have been eliminated theoretically.
(ii) Relationship equation of transmission ratio range , half-cone-angle , and conformity ratio have been derived.
(iii) The relationship of the , , and has been drawn in graph; we also have concluded that the transmission ratio range of the Logarithmic CVT can be as wide as that of the Half-Toroidal CVT by particular design. The results have shown that the efficiency of the Logarithmic CVT is higher than that of the HalfToroidal CVT except for some particular situations.
